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We review the superfield formalisms of the three-dimensional
supergravities. The N = 1,d = 3 gravitational superfields are
generated by the covariant spinor derivative for the tangent
GL(2,R) group. The basic gauge group of the N = 2,d = 3
supergravity is defined in the chiral superspace.

The real gravitational N = 2 superfield h"(z,0,0) describes
the embedding of the real gravitational superspace into the
complex chiral superspace by the analogy with the Ogievetsky-
Sokatchev formalism of the N = 1,d = 4 supergravity. The
simplest superconformal compensator is the chiral superfield.

The basic gauge group of the N = 3,d = 3 supergravity is
defined in the corresponding analytic harmonic superspace.
We use the SU(2)/U(1) harmonics by the analogy with the
harmonic-superspace formalism of the N = 2.d = 4 super-
gravity. The harmonic gauge superfields are defined in the
decomposition of the covariant harmonic derivative. The su-
perconformal compensator is the A/ = 3 analytic hypermulti-
plet superfield.



4-DIMENSIONAL SUPERFIELD SUPERGRAVITIES

N =1,d = 4 superfield supergravity
Wess, Zumino; Ogievetsky, Sokatchev; Gates, Grisaru, Rocek,
Siegel

Chirality preserving constraints for the supervielbein ma-
trix E{, were solved in terms of the N = 1 axial-vector gauge
superfield H"(x,0,0). The nonlinear supergravity superdeter-
minant action k2 [ d*zd*0d*0 E(H™) was constructed and quan-
tized.

N = 2,d = 4 superfield supergravity in the harmonic SU(2)/U(1)
superspace was constructed by
Galperin, Ivanov, Kalitzin, Ogievetsky, Sokatchev

The gauge supegravity superfields and the A/ = 2, d = 4 mat-
ter superfields live in the Grassmann-analytic superspace.
The supergravity-matter classical superfield actions were con-
structed in this approach, but the quantum superfield calcu-
lations were not developed in this formalism.

We review the superfield formalisms of the simplest three-
dimensional supergravities.



FLAT 3-DIMENSIONAL SUPERSPACES
N =1 superspace: z = (z",0"), m=0,1,2, u=1,2

Spinor derivatives
Dy =0, +1i0"(v")wOn, 00" =0, Opa" =0y,

YA = =™ 4 g™y, ™ = diag(l, —1, —1)

Sex™ = —i(ey™d), 5.0° =€’

N =1 scalar superfield : ¢(z)

N =1 Maxwell superfield : A,(z), 0,4, = D,\(z)

N = 2.d = 3 superspace is analogous to the N' = 1,d = 4
superspace:

z= (2™, 0" 0", m=0,1,2, u=1,2

Spinor derivatives
D, =0,+1i0"(v")wOm, D,=—0,—10"(y").0m

Chiral N = 2 superspace: ¢ = (27",0"), 2" = 2™ + i(0~y™0)
N =2 scalar chiral superfield : ¢(z7, 0")

Anti-chiral superspace: ¢ = (z/¢,0"), 2% = 2™ — i(67™0)

N =2,d = 3 abelian gauge superfield:
OV (x,0,0) =iXC¢) —iNC), W =D*D,V



N = 3,d = 3 superspace: z = (a:m,efkl)), k,l=1,2

Automorphism group is SU(2) and we can use the SU(2)/U(1)

harmonics uf and the harmonic derivatives

s —— 0 +
O u, =u,, 0 u. =u,., 8uk—:|:uk

Harmonic projections of spinor coordinates

euij: _ eéﬁ )ukiuli 9“0 _ eél W) k—l— l—

Analytic N = 3 superspace: ( = (2}, 0"+, 00 v)
Analytic hypermultiplet: ¢*(()

Maxwell N = 3 superfield: 0,V ({) = DTTA(()



N =1,d =3 SUPERGRAVITY
Gates, Grisaru, Rocek, Siegel; Zupnik, Pak

Superdiffeomorphism group

gz = &M (z), 00" = &M'(2)
Holonomic basis 0y = (0,,,9,), 0¢0n = —0uEN Oy
Flat-superspace basis D = (0,,, D,)

The N = 1 supergravity spinor differential operator con-
tains the superconformal gauge superfields
Ay = Do +ih?(2)0y + hE(2)D,,, 08, = —30(2)A, — M (2)Ag
where o(z) is the superconformal parameter and \’(z) de-
scribe the SL(2, R) gauge transformations.

Superconformal gauge condition:
ht(z) =0, Ay= Dy+ih)0y,
The composed SL(2, R) and Weyl parameters are induced by
the superdiffeomorphism parameters
6= ALl M= AL — 368ARE],
00N, = —AEhA, = —(Dy + ih10,)E0A,
The gauge transformations in this gauge are nonlinear in the
basic superfields
SR = —iDa&l" — 2v™)apll + Ma0uER — (Do + ih10,)E) 10
where g(r)n =" — iSMQV(fym)MV7 f(lf =&

Scalar compensator of the N/ = 1 Poincaré supergravity
>(2) =1+ k®P(z), k is the gravitational constant

0(z) = LAL&8 [ + @(2)],



D,=YA,=GYDy, 6D, =—-\'Dg

We introduce the SL(2, R) spinor connection () ,
0 ;= —Do M, + (A, )

The covariant vector covariant operator is
Do = —1l{Da, Ds} — (%, 5+ Q5 ,)D,] = G4’ Dy
where GY GM are the composed supervielbein matrix.

The inverse supervielbein matrix satisfies the relations
E{GY =64, E=BerEy
OF = —(0p&™ — 0,8ME,  §(d°zE) =0

The composed vector superfield connection has the form

R A N s

3" "o, a, G

The corresponding covariant derivative is
ViDr =D,D; — FgﬂTDP7 V:D,=D;D, — (’ya)ﬂf(vb)gopgfr,(ppb

The covariant supergravity constraints have the form
Vapg + VﬁDa = Qi(’ya)agpa
VoDr — VD, = R(v,)"D,,
where R(z) is the basic scalar superfield.

The simplest N = 1 supergravity action is
L [dz"E(z)R(z)



N =2,d =3 SUPERGRAVITY

N = 2 supergravity formalism is based on the three-dimensional
version of the Ogievetsky-Sokatchev approach. We consider
the superdiffeomorphism group in the N = 2,d = 3 chiral su-
perspace
5$7ZL - Am(C)v 00" = AM(C)? 56# - _<5M5‘V)3u
This conformal N = 2 supergravity transformations preserve
chirality.

In the anti-chiral basis we have analogous conjugated rela-
tions

St = A(Q), 06" = M), 89, = (3N,

The real supergravity superspace ZM = (2™ 04 0") is em-
bedded into the chiral superspace
o =2" +iH™(z,0,0), 2% =2z2"—iH"(z,0,0)
where H™(x,0,0) = (0y™0)+h™(z, 0, 0) is the gravitational axial-
vector superfield.

The passive gauge transformations of the A/ =2 conformal
supergravity have the form
0x™ = IN"(x 4+ iH,0) + A" (z — 1 H, 0)
00F = Mz +1iH,0), 00" = N(x—1H,0)
SH™ = INM(z — iH,8) — IN"(z + iH, 6)

We consider ’Ehe flat chiral basis
zgy =™ +i(0y"0), (o= (x5, 0")
N +iH,0) =T (ah)A™((), M(x+iH,0) =T (h) \((),
T(ih) = 1+ ih™d,, — th"h"0,,0, — th™W'"W 0, 0,0, + . . .

7



The covariant spinor derivatives in the central coordinates
™, 6", " have the form
Ay = Dy +iA "0, = Dy + 1D W [(I — i0h) ™0,
A, = D, —iAh™0,, = D, — iD,h"|[(I +i0h)~1"0,,

The tangent GL(2,C) transformations of these derivatives

are induced by the chiral diffeomorphism transformations
0N, = —(AN)Ag, 60, = (AN)Ag

The basic superfield blocks ¢);,0,, can be constructed via
the anticommutator of spinor covariant derivatives

Hw Ak = =7+ 0 AR YO = 0

We consider the superconformal chiral parameter
j=0LEX" — 9N, 0dPxpd*0 = jdPxpd*0 = jd*C
and introduce the chiral superfield compensator
60 = —1j0, §(d°¢P?) =0
This chiral compensator allow us to construct the N = 2
Poincaré supergravity action.



N =3,d =3 SUPERGRAVITY

We use the analogy with the Galperin-Ivanov-Ogievetsky-
Sokatchev formalism in N = 2,d = 4 supergravity. Let us
consider the arbitrary transformations of the N = 3,d = 3
harmonic analytic superspace

Sxly = N"(C), 00T =N, 80" = X((),
Suf = N (Quy, = (2, 07T 0% u),

where \"(C), ATT((), \%(¢), AT ({) are the analytic parameters
of the conformal supergravity.

The harmonic and spinor derivatives in the flat analytic
superspace are

= 0" + 20700 + 07T + 2001, 9y = (V")as0h,
T =0 =20 004, + 0790 + 209,
Do _ 80 + 29++aa—— . 2(9——0484—4— [D++, D__] _ 1)07
Dit =0t Dim =07 +207"9%, DY=- 80 +16°79;5,
Oty = 0, N0V =07, OTTOH =4

The analytic integral measure is

d¢* = id% (07729, 7)(0"8°)du, (0.1)
od¢ ™ (aAAm + 0N =0, AT — 9N AT = —2Ad¢

Nonanalytic transformations have the form
00 =AN"TH(C,0).
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We define the Killing operator

K=X'0p, +X"70 "+ )\++“8/;_ + )\Oﬂ(‘)g £+ A——ua:tmt
= A"0, + \TTD" + A++ND;— + AO/‘Dg 4 /\__’“‘D:fr

Constraints for the flat parameters:

DA™ = =i N ()0 + 20 () = 20 (Y)W AT
DAY = 2§\

The basic operator of the N = 3 conformal supergravity
contains the gauge gravitational superfields
A =D 4 GH 4+ DI, (G, DT =0
[T y Hu 3
G == hTM9, + KD + BFID = 4 pTHe D

The transformation of the basic analytic harmonic opera-

tor defines transformations of the gravitational superfields
SAH — _)\++DO

We can also construct the nonanalytic harmonic operator
A", 0A" = —(A""ATT)A™ " satisfying the constraints
(AT = BHIA—), A = D

We define the covariant spinor and vector derivatives
Ag — %[A__> D;rﬂv Ac_t_ — [A__a Ag]v A, = %(’Va)gﬁ{Agw A%}

Superconformal compensator hypermultiplet
gt (C) =Ng" (), A= —%(8£x\m +0 AT — 8;7\*“‘ — 82)\0“)
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