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. The use of holography

. Reviewing Vasiliev's higher spin gauge theory

. AdS,4/CFT5 and Chern-Simons vector models

. Vasiliev theory as a string theory

. AdS3/CFTs and Wy minimal models

. Challenges
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Black Hole and Holography

Bekenstein-Hawking, 70s: black holes obey
laws of thermodynamics and have a large
entropy proportional to its horizon area.

't Hooft, '93, Susskind, '94: The degrees of
freedom of quantum gravity should be
represented by a hologram living on the
boundary of space.

D1 )
Strominger-Vafa '96: The Bekenstein-Hawking

entropy of a class of supersymmetric extremal D5
black holes in string theory is accounted for by
quantum states of D-branes.
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The AdS/CFT Correspondence

Maldacena ’97: quantum gravity in (d+7)-dimensional anti-de Sitter
space = conformal field theory in d-dimension

An example: type IIB string theory in AdSsxS°® = 4d maximally
supersymmetric SU(N) Yang-Mills theory

Ties together many ideas and areas of physics:

strongl
black hole Mellin quark-gluon) (' couple
information) \amplitudes plasma electrons
paradox
landscape AdS confinement .
in OCD
hierarchy it R
problem integrable
spin chains of RG
higher spin
gauge theo gauged matrix
supergravity, models
!
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The use of AdS/CFET

Field Theory = Gravity: Non-perturbative definition of quantum gravity
in asymptotically AdS spacetime, manifestly unitary description of black

holes, a computational scheme for the non-perturbative gravitational S-

matrix. ..

Gravity = Field Theory: Solving strongly coupled large N gauge theories

Difficulty: to understand black holes requires strongly coupling dynamics
of (Lorentzian) large N gauge theories - hard!

The other limit: weakly coupled gauge theory < very stringy gravity
theories - also hard, but not out of reach.
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To uncover structures of the
holographic dictionary

Want to study examples where both sides of the correspondence are
calculable in the same regime.

Bulk Boundary

Newton's constant <t = 1/N? (1/N for vector model)
a weak/weak duality

string tension > ~A"? in familiar examples e.g.

(in AdS units) a weak/strong duality SN ARSYANSS AB I S

The last decade has seen tremendous progress in planar gauge theory
from integrability < free/classical strings in AdS. On the other hand,
much less 1s understood away from the infinite N ’t Hooft limit.
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The role of higher spin gauge theory
in AdS/CFEFT

Gauged vector model > Adjoint/quiver gauge theory
U(N) 4& M flavors U(N) x U(M) éx

holography holography

v v

strong bulk ‘t Hooft coupling

Higher spin gauge theory - > Strings in AdS
in AdS SIS '

U(M) Chan-Paton factor

strong boundary
‘t Hooft coupling ~ A=g°N

(string tension)

o

Semi-classical gravity
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Pure higher spin gauge theory
in AdS

M.A. Vasiliev (90s): complete nonlinear gauge
invariant classical equations of motion for pure
higher spin gauge theory in AdSs.

Minimal bosonic theory: spin $=0,2,4,6, ... Symmetric (double-)traceless
tenisorsheld=oy s

Non-minimal bosonic theory: spin s=0,7,2,3, ... .
Nonlinear gauge

transformation of the form

Supersymmetric & non-Abelian extensions %
5 Oy sy = Oprr €y + 77

Parity = only two theories: A- and B-type

Parity = infinite parameter family of theories
(yet still highly constrained by higher spin
symmetry)

Not unrelated to the zoo of parity violating
Chern-Simons-matter CFTs in 3d.
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Vasiliev's system

deceivingly simple in the frame-like formalism!

Twistor variables: Y, Z (carry spinor indices), noncommutative # product
Master fields: A(X|Y,Z) = W, dx# + Sa dzA + S4 dZzA, B(x|Y,2)

Equation of motion: dA+Ax+A = f.(B«K)dz2 + f.(B+K)dz2.

K, K - “Kleinian operator”

f(IX) = X exp(i (X)) = €% X + bsX3 + bsX° + ... up to field redefinition

Parity = f(X) = X (A-type theory) or f(X)=iX (B-type theory)
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A little more details

Spacetime coordinates x¥, twister variables: Y=(yAy?), Z=(zA,z") (A, A=1,2),
noncommutative * product

f(y,2)g(y,2)=F(y,Z) exp(€*B(By+02.)(Bvs-02)) G(Y,Z)
Master fields: A(x|Y,Z) = W, dx# + Sa dzA + S4 dz#, B(x|Y,Z), both contain

symmetric traceless tensor fields of all spins along with infinitely many
auxiliary fields.

Equation of motion: dA+AxA = f.(BxK)dz2 + f.(B«K)dz2. Implies a Bianchi
identity of the form dB+A«B-B+«m(A) = 0.

K = 8(y)=6(z) = exp(z”ya), K = exp(z*yA) - Kleinian operators, obey KxK=K=K=1.
f(X) = X exp(i (X)) = €% X + bsX3 + bsX° + ... up to field redefinition

Parity = f(X) = X (A-type theory) or f(X)=iX (B-type theory)
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And a little more

Equations of motion in W,S,B :

dxW+WsW=0,
d.W+dxS+W«S+S« W=0,
d:S+S+S=Bx (e’ Kdz2+e% Kdz?2),
o B+W+B-B:11(W)=0,
d,B+S+B-Bx11(S)=0.

Gauge symmetry: OW=dxe+[W,¢€]., 6S=d.+[S,€]., dB=-£+B+Bx17(€),
e=¢(x]Y,Z). When the master fields are expressed in terms of the
physical degrees of freedom after partial gauge fixing, Vasiliev's
gauge symmetry reduces to (nonlinear) higher spin gauge symmetry

OP e = iy + NONIIMEAr terms.
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Perturbation theory around
the AdSs vacuum

AdSs vacuum: W=Woy(x|Y), S=0, B=0.

The equation dWo=Wo+Wo 1s solved by Wo = (Wo)aBYAYB + (Wo)Asy yE
+ (€0)asYy?yB, where wo and eo are the spin connection and vierbein
of AdS4. The bilinears of y’s generate so(3,2) under the = product.

Linearizing Vasiliev's equation around Wy, one finds an infinite

tower of higher spin gauge fields propagating in AdSs, governed by
AdS version of Fronsdal's equation.

Nonlinear terms can be taken into account by solving auxiliary
fields order by order, yielding equation of motion for physical
higher spin gauge fields of the standard form

(D' m2)¢[.l1[.l2"'/.ls+ S 62«02)



Higher spin fields

All physical degrees of freedom are contained in the master fields
with the twistor variables Z=(zAZz*) restricted to zero.

Define Q(x|Y) = W|z=0, and Q"™), B("™ the components of order
y"y™ in the series expansion 1n Y, y.

Q(ZS-Z,O) PR R Q(s,s—2) A Q(s-1,s-1) s Q(s-2,s) A e T Q(O,ZS-Z)

! e !

SP1N-S field ¢U1,U2”'Ils B(O 2s)

E el S )

spin-s Weyl tensor
B(1,25+1)

l
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The HS/VM Duality

Vasiliev's system describes classical interacting higher spin gauge fields in
AdS4. The interactions are highly constrained (and almost uniquely fixed)
by higher spin symmetry, which makes it plausible that the quantum
theory is renormalizable and possibly finite, despite the hlgher derivative
(and seemingly nonlocal) interactions. If Vasiliev’s theory 1s a consistent

guailtum theory of gravity, then it should have a three-dimensional CFT
ual.

Conjecture (Klebanov-Polyakov, Sezgin-Sundell '02): Vasiliev's minimal

bosonic theory in AdS4 i1s holographically dual to the free or critical O(N)
vector model.

A-type B-type

critical O(N)
free O(N) boson fermion
(Gross-Neveu)

S

AdS boundary condition
on bulk scalar field

critical O(N)
boson
(Wilson-Fisher)

free O(N)
fermion

15
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O(N) Vector Model

Free O(N) vector model: N free massless scalar fields ¢;
(i=1,...,N) in 3d, restrict to the O(N) singlet sector. This CFT
has conserved currents of the form Juyi...us = @iOs...0us) @i + ...
for each even integer s.

The critical O(N) model can be described as the IR (Wilson-
Fisher) fixed point of a double trace deformation of the free
CFT. Restriction to O(N) singlet sector important for large N

factorization. Higher spin symmetry broken by 71/N effects.

RG flow:
free O(N) — critical O(N) — NLoM on SN7 (— free O(N-1))

The 7/N expansion can be performed straightforwardly using
the NLSM description, with Lagrangian £ =(0.¢i)? + a(¢ipi-1/g).

Criticality 1s achieved by tuning g — o and <a> — 0.
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A few basic comments
on HS/VM duality

1. They are among the simplest class of examples of AdS/CFT correspondence.

2. Explicit realization of holographic dual of free CFTs (with large N
factorization), and their deformations (interacting but typically exactly solvable
at infinite N).

3. Bulk interactions involve arbitrarily high order derivative coupling and are
generally non-local.

4. Full classical equations of motion known explicitly (in contrast to string
theory in AdS where relatively little is known about the full closed string field
theory) But the classical action S{f the form Fronsdal action + all order
nonlinear terms) 1s not explicitly known and appears to be very complicated (if

one tries to recover it order by order in fields).
See Boulanger-Sundell, however, for an alternative approach.

5. In principle tree level correlators can be calculated straightforwardly using
Vasiliev’s equations. Going to loop order, prescriptions for regularization and
gauge fixing/ghosts remain to be understood. Modulo this technicality
(presumingly), both sides of the duality are computable order by order in 1/N.

6. AdS boundary conditions are important, and often break higher spin
symmetry (and other symmetries).
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Evidence for the duality

Giombi-Yin '09,'10: three-point functions of higher spin currents
computed from Vasiliev theory at tree level match exactly with those of
free and critical O(N) vector model.

Maldacena-Zhiboedov ’11,’12:

exactly conserved higher spin current = CFT is free.
“Approximate” HS symmetry = three-point functions constrained.

Girardello-Porrati-Zaffaroni '02, Hartman-Rastelli ‘06, Giombi-Yin '10:
In A-type Vasiliev theory, higher spin symmetry broken by A=2 boundary
condition. Duality with free O(N) theory for A=1 boundary condition
implies the duality with critical O(N) theory for A=2 boundary condition,
to all order 1in perturbation theory (1/N).

What remains to be shown: Vasiliev's system can be quantized in a
manner In which higher spin symmetry is not anomalous nor broken by
boundary conditions.

See Koch-Jevicki-Jin-Rodrigues, Douglas-Mazzucato-Razamat, for alternative approaches toward deriving the duality.

Explicit computation of 4-point function and loop corrections (should be
absent for A=1 b.c.) in Vasiliev theory yet to be performed.

18
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How to do bulk computations

Tree level n-point correlators: treat n-1 boundary
currents as sources, solve bulk equation of the
schematic form D@ = @+@ to (n-1)-th order and
extract n-point function from boundary value of
n-1),

"W=0 gauge’: In Vasiliev theory, W is a flat

connection in spacetime. Can perform a formal
gauge transformation (violates AdS boundary
condition condition) to eliminate all explicit
dependence on spacetime coordinates (all data
encoded 1n twistor variables). Easy to solve
equation of motion perturbatively in this “gauge”,
then transform back to physical gauge.

Subtleties/difficulties: the W=0 gauge appears singular for
many purposes (4-point function, one-loop), potential
gauge am 1gu1ty In extracting final answer (obstacle in
obtaining parity odd contributions?)

Changing boundary conditions (on fields of spin
0,1/2,1): Bulk propagators modified, in ways that
precisely account for deformations of the
boundary theory.
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(Generalizations

Gailotto-Yin '07: Chern-Simons-matter theories provide a large class of 3d
CFTs < various supersymmetric or non-supersymmetric string theories in

AdSy.

In some examples, there is a semi-classical gravity limit (Aharony-
Bergman-dJafferis-Maldacena '08). In many other examples, the dual

must always involve higher spin fields (Minwalla-Narayan-Sharma-
Umesh-Yin '11).

Giombi-Minwalla-Prakash-Trivedi-Wadia-Yin, Aharony-Gur-Ari-Yacoby
'11: Chern-Simons vector models have approximately conserved higher
spin currents at large N.

Conjecture: Chern-Simons vector models are dual

to parity Vasiliev theories in AdS;y.
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Chern-Simons vector model

U(N) or SU(N) Chern-Simons theories coupled to massless scalars
(AGY '11) or massless fermions (GMPTWY ’11) in the fundamental
representation are exactly conformal vector models.

e.g. CS-fermion vector model

2 -
s=K | (AndA + 2 AnARA) + | TWDLY

't Hooft limit: N large, A= N/Kk finite.

Note: CS level k is quantized and does not run under RG. For GS-fermion vector model,
the critical point is achieved by simply tuning the fermion mass to zero. For CS-scalar
vector model, mass and quartic scalar potential terms can be tuned to zero, while the sextic

coefficient takes a finite fixed value at critical point.
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Higher spin symmetry breaking

Spin-s operator J®,,. , made out of bilinears of fundamental matter fields,
conserved at infinite N. Current conservation broken by 71/N effects,
through mixing with double-trace and triple-trace operators:

a'UJ(S)/J_,_ = f(A) Z an1J(S1) o0"J (S2) + g(A) Z onJ (s1) o0"J (S2) o0"sJ (S3)

where the spin-s current J(¥, . is normalized so that <JSJO®)> ~ N.

Easy generalization to more than one flavor and to the supersymmetric
case.

With the same matter fields and Chern-Simons level, A= 0,1,2,3 CS vector
models differ merely by double trace and triple trace deformations. With
suitable matter content, A =4 (Gaiotto-Witten) or V=6 (ABJ) CS vector
models are obtained by simply gauging a flavor group with CS coupling.
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Exact solution at infinite N

Schwinger-Dyson equations (CS in lightcone gauge)

_@7 - i;l —> can solve exact planar matter self energy

Free energy (at finite temperature)

e.g. CS-fermion VM
g‘ —_ X + l 4+ - 4+ l
2 2

Correlation functions
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The higher spin dual

Parity¥ Vasiliev theory determine by the function

f(X) = X exp(i B(X)) = €90 X + bsX3 + bsX5 + ...

Recall equation of motion: dA+AxA = f.(B+K)dz2 + f.(B+K)dZ2.

Coefficient of X" determines n+2 and higher order coupling. E.g. e/

controls tree level three-point function, bz controls five-point function,
etc.

Tree level three-point function

(JJJY =¢08200 <JJJ> FB +Sin%0p <JJJ> Fr + sinBp cosBo <JJ J> odd

T T T

free boson free fermion parity odd

This structure was also found by perturbative two-loop computation in Chern-Simons-fermion theory
(GMPTWY) and shown to follow generally from weakly broken higher spin symmetry by Maldacena-
Zhiboedov.
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The higher spin dual to V=6
ABdJ vector model, and more

n-extended supersymmetric paxity Vasiliev theory: introduce Grassmannian
auxiliary variables 1,... Yn In the master fields. They obey Clifford
algebra {wi,y;} = §;. Equation of motion modified to

dA+A+A = f.(B+K)dz2 + f.(B«KI)dZ2.

The /=0,1,2,3,4,6 CS vector models differ merely by double trace and
triple trace deformations, and gauging a flavor symmetry with Chern-
Simons coupling. These correspond to, in the holographic dual, simply
changes of boundary condition on the bulk fields.

Note: A global symmetry of the boundary CFT <« an asymptotic symmetry O of the bulk theory.
The symmetry is broken if 6:® does not respect boundary conditions on the bulk field @. In
particular, all higher spin symmetries and some of the supersymmetries are broken in the parity
violating Vasiliev theory in this manner.

The duality makes a nontrivial prediction on
two and three point function coefficients
that do not follow from known symmetries!

(Chang-Minwalla-Sharma-Yin, coming soon]
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A Triality

280

U(N)kx U(M).k ABJ theory

M<<N. 6 A/ / Je /7y\\ RAdS/Zstring = A1/ 4
e )l o/ograp ‘7
s iy = | 1B = (N-M)/k

boundary condition

N=6 supersymmetric parity
Vasiliev theory with UM) >
Chan-Paton factor and A= 6 | strongbulk’t Hooft coupling

ABUuLk=M/N

bound states of
higher spin particles
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ITA string theory
in AdSsx CP3

strings




HS Fields = Strings

N=6 supersymmetric parity
Vasiliev theory with U(M)

Chan-Paton factor and A/ =6
boundary condition
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strong bulk ‘t Hooft coupling
ABuLk=M/N

ITA string theory
in AdSsx CP3
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Vasiliev theory from
string (field) theory?

(Supersymmetric) parity Vasiliev equations can be put in the form

QoV +V«V =0

(purely formal at the moment)

0zB + [Az,B].=0

dA + AxA = e®B dz?2 + e B dz?2 :|
0:B + [Az,B]. =0

Similar construction based on Poisson

B = B+ KKl (bo - EO) V=0 sigma model considered previously by
Engquist-Sundell

In the “ABdJ triality”, 0 is identified with the B-field flux of type IIA
string theory on AdSsx CP3, suggesting that the RHS of Vasiliev’s
equation come from worldsheet instantons (wrapping CP')!

How to derive Vasiliev’s system from tensionless limit of the string

field theory remains to be seen. A topological open+closed string field theory from
D6 brane wrapped on AdS4xRP3 (Jafferis-Gaiotto setup) in the zero radius limit?



Higher spin AdSs/CEFTs duality

Pure higher spin gauge theory in AdSs can be constructed as SL(N,R) x SL(N,R)
Chern-Simons theory, with appropriate boundary condition [Henneaux-Rey,
Campoleoni-Fredenhagen-Pfenninger-Theisen, '10]. Spin S=2-6 N

Unclear whether the pure HSGT in AdS3 is non-perturbatively well defined,
1.e. whether it has a CFT dual. Even the N=2 case, 1.e. pure Einstein gravity
in AdS3, the answer 1s not known (lacking knowledge of irrational CFTs, non-
perturbative effects in gravity). [Witten, Yin, Maloney-Witten, Gaberdiel '07 ]

There are two-dimensional CFTs with exact higher spin symmetry. But are
there such large N CFTs with a weakly coupled holographic dual?

Gaberdiel-Gopakumar '11: The 2d version of vector models 1s the Wy minimal
model. They further conjectured its holographic dual to be the AdSs Vasiliev
system (an oo tower of HS fields coupled to massive scalars).
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Wn minimal model

(Higher spin generalization of 2d critical Ginzburg-Landau models)

Wh algebra generated by conserved (holomorphic and anti-
holomorphic) currents of conformal weights (s,0) and (0,s), s=2,3,...,N.

Can be realized as the coset model (SU(N)xkx SU(N)1)/SU(N)k+1.
Primaries w.r.t. Wn algebra are labeled by a pair of representations of
(affine) SU(N), denoted (R;R").

“Basic” primaries ¢1 = ((1;0), ¢7 = (0; []) generate all primaries via
OPE.

't Hooft limit: N — oo, A = N/(k+N) finite (between O and 1).

For representations R and R~ that do not grow with N, the primary
(R;R’) has finite dimension in the 't Hooft limit.
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Large N factorization of
Wn minimal model

[Chang-Yin '11] In the large N limit, the primaries (R; R") are
organized into “single-trace” and “multi-trace” operators.

For instance, correlators of a single-trace operator 01 and a double-
trace operator U2 have different scaling with N :

If we normalize the operators by < O O > ~ 1, then in a large N
vector model,

CO10101> ~ N-12 oA N O =T CO20,02> ~ 1
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Large N factorization of
Wn minimal model

Single-trace operators

Multi-trace operators

¢1=(_1;0)
d2= (1 1;LD)-Qd: LD

BN

= o e
: =

HEEAVYEHE)
L] L]

wr=(C1; 1)

wz= (1 1;[1 |)-(H;H)

e o

(H;O)%b?

(1 1;0)~ ¢109¢1 - d¢1091
(adj ; 0) ~ ¢p1¢+

(EE RN |)+(%;%)~aﬁ

(AR (% ;L) ~ prws

(S H) + (H [ 1)) ~ widdws - dwrdws
dows ~ %2 d1¢1

9wz ~ \/2%2 ($16p2 + pop1)

d0ws ~ \/3%2 (@163 + pop2 + pad1)
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Light states

A primary operator of the form (R;R) has scaling dimension
A = A°B(R)/N at large N, where B(R) = # boxes in the Young
tableaux of R.

= near continuum of low lying states at large N

- does large N factorization really hold?

- yes, correlators do obey large N factorization, provided that
one makes the identifications (Raju-Papadodimas, Chang-Yin)

N 80w1 ~ A2 11

= i 2 = o~ dw becomes null in the large N limit,
N dow: \/2 A ( ¢7¢2 + ¢2¢7) and j =.\/N ow effectively becomes a

new primary operator.

N 90w3 ~ \3 A2 (¢1$3 iy ¢252 + ¢3$1)
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Hidden symmetries

The relation between wn and ¢n, an can be recast in terms of
non-conservation of the large N currents jn = VN dwn,

gj1 ~ A 191, ete.
J VN¢¢

These are reminiscent of the non-conservation relation of
higher spin currents in 3d vector models.

Interpretation: j; 1s dual to a U(1) Chern-Simons gauge field
in AdSs3, under which ¢7 is rotated into @¢s. This symmetry is
broken by the boundary condition that assigns different
scaling dlmen81ons to ¢7 and ¢+. The current non-conservation
relation 1s reproduced by the 3-point function in AdSs.
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More Hidden symmetries

Each jn = VN 6w is dual to a bulk gauge field whose
assoclated boundary symmetry is broken by the boundary
condition assignment on @m, @m.

= A gauge group generator Tn: ¢ — ¢, n=1,2,3,...
But wait, there i1s more: [Th,Tm] # 0, while Tr(Tn[Tm,T«]) = 0.

= Bulk Chern-Simon gauge fields with an o dimensional

non-Abelian gauge group, under which ¢m, @ transform.
Gauge group broken completely by boundary conditions.

Conjecture: the holographic dual to the large N Wxn minimal
model should be Vasiliev theory in AdSs extended by an oo

tower of massive matter fields and an o dimensional Chern-
Simons gauge group broken by boundary conditions.

35
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A perturbative duality

Vasiliev theory in AdSs involves gauge fields of spin §=2,3,...,0,
and a single complex massive scalar field ¢. ¢ should be dual to one

of the basic primaries of Wy minimal model, namely (C1;0) or (0; )
depending on the boundary condition.

A modest version of Gaberdiel-Gopakumar conjecture [Chang-Yin ’11]:
Vasiliev theory in AdSs 1s dual perturbatively to the subsector of

Wn minimal model generated by primaries of the form (R, 0) (or the
subsector generated by (0 ; R), with the alternative boundary condition on ¢.)

This sector closes perturbatively in 1/N on the sphere/plane, but is
not modular invariant and non-perturbatively incomplete.



The non-perturbative dual
of Wn minimal model ?

...remains 1llusive.

How to couple the infinite tower of elementary matter fields (dual to

}Vhat ?We 1dentified as single trace primaries) to the higher spin gauge
1elds’

Role of “conical SU.I‘plU.S”? Castro-Gopakumar-Gutperle-Raeymaekers

Does the BTZ black hole dominate the thermodynamics at high
temperature? On the CFT side, exact torus two-point function known

(Chang-Yin] but large N behavior not yet understood. Note: despite
rational CFT, thermalization behavior possible at large N (though
Poincaré recurrence time ~ N* rather than eV).
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Challenges

Quantize Vasiliev system in AdSs: formulate the path integral
with an action, gauge fixing, ghosts, ...1n ways that preserve
higher spin symmetry, and prove the duality with vector models.

Derive (supersymmetric) Vasiliev system from string (field)
theory in AdS in small radius/tensionless limit.

Beyond pure higher spin gauge theory: coupling to (more)
matter fields in the bulk, higher dual of adjoint type gauge
theories...

Other dimensions... 5D vector models?

Higher spin black holes... thermalization? Can they be used to
understand black holes in semi-classical gravity regime via the
gauge/HS/string triality?
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