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N =4 and N = 8 supergravity arises as the low-energy limit of string J

String theory provides a consistent ultraviolet finite theory of quantum gravity.
One could wonder if one can remove the string massive modes and address the
question of ultraviolet behaviour of pure supergravity

In this talk we will discuss

the role of supersymmetry in perturbative computation

the role of non-perturbative duality symmetries in string theory
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Behavior of supergravity amplitudes

Gravity has a dimensional coupling constant

[I/K%D)] = mass? 2 J

An L-loop n-point gravity amplitude in D-dimensions has the dimension

[%JED)] — massP—2)L+2 J
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An L-loop n-point gravity amplitude in D-dimensions has the dimension
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4-graviton amplitudes factorize an R* term and possibly higher derivatives
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Behavior of supergravity amplitudes

Gravity has a dimensional coupling constant

[I/K%D)] — mass?? J

An L-loop n-point gravity amplitude in D-dimensions has the dimension

W&D)] — massP—2)L+2 J

4-graviton amplitudes factorize an R* term and possibly higher derivatives

[imém] — massP—2)L—6—2B} 32BY R4 J

» Critical dimension for UV divergences is

6+ 2pY
D>Dc:2++TBL J
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Supersymmetry and UV behaviour

» Critical dimension for UV divergence is

L 6+2Bp J

D>D.=2
L

» Depending on the various implementations of supersymmetry

6<6+2p) <18 ]
» With a first possible divergence in D = 4 at
o L Z 3: Bg =0 [Howe, Lindstrom, Stelle ’81]
) L}SZ [3222 [Howe, Stelle "06; Bossard, Howe, Stelle ’'09]
e L>8: szS [Kallosh ’81]
e L>T7: [32 = [Vanhove ’10; Green, Bjornsson ’10]
o L 2 9: f)i = [Green, Russo,Vanhove ’06]
o L =o0: B% =L [Green,Russo, Vanhove ’06]
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Non-renormalisation theorems

Supersymmetry implies various non-renormalisation theorems for higher di-
mension operators.

» Heterotic compactification (N = 4 models)
o R*isa %-BPS coupling 1-loop exact in perturbation [Bachas, Kiritsis;
Bachas, Fabre, Kiritsis, Obers, Vanhove; Tourkine, Vanhove]
» Type Il compactifications on a torus (N = 8 models) (Green, russo,
Vanhove; Berkovits]
o R*is 1-BPS : 1-loop exact
o 0*R*is i—BPS : 2-loop exact
o 9°R*is 1-BPS : 3-loop exact

v

These operators are potential UV divergences counter-term to supergravity in
various dimensions

v
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The ultraviolet behaviour of N = 8 supergravity

N = 8 non-renormalisation theorems imply that [cGreen, Russo, Vanhove]

» 1-loop non-renormalisation of R*: [51% >2forL >2
» 2-loop non-renormalisation of 3*R*: 3% > 3 for L

>3
» 3-loop non-renormalisation of 00RA: B% >4forL >4

Same critical UV behaviour for N =4 SYM and N = 8 SUGRA at
1 <L < 4loops

[mtfli)] - A(D—4)L—6 aZL :R4 2 <L< 4 J

» This has been confirmed using various field theory supersymmetry
[Bossard, Stelle, Howel, and direct 100p computation [Bern, Carrasco,
Dixon, Johansson, Roiban], and COIltiIIUOllS E7 arguments [Elvang,

Keirmaier, Freedman et al.]
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The ultraviolet behaviour of N = 8 supergravity

» Up to an including 4 loops the rule [3% = L is satisfied.

» If this rule is true to all order then the theory would have critical UV
behaviour and making the N = 8 SUGRA UV finite in D = 4.

6
pomas® |

The question is therefore to see a deviation from the 3% = L rule
At which order N = 8 SUGRA can have a worse UV behaviour of N = 4
SYM?
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The ultraviolet behaviour of N = 8 supergravity

In N = 8 the big question is if the 0%R* is protected or not J

» After 4-loop it is expected a worse UV behaviour than for N = 4 SYM

[Green, Russo, Vanhove], [Vanhove], [Green, Bjornsson]

W< AP g4t >4

» At five-loop order the 4-point amplitude in

o N =4 SYM divergences for 5 < 26/5 < D
o N = 8 SUGRA divergences for 24/5 < D

» Would imply a seven-loop divergence in D = 4 with counter-term 93R*

The candidate counter-term 08R* has dimension 16 and it is tempting to con-
clude that it is a D-term given by the volume of superspace

8 RH ~ Jd”@ E(x,0)
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Duality invariant superspace volume

Classical extended supergravity is invariant under continuous duality group :
E77(R)/SU(8) for N =8 and SU(1,1,R)/U(1) for N =4

v

We can define duality invariant superspace volume

Jd4Ne E(x,@) _ aZ(N—4) R4 4.

» For N = 8 this gives the candidate 7-loop counter-term in D = 4: 98R*

» For N = 4 this gives the candidate 3-loop counter-term in D = 4: R*

One could be tempted to conclude that this settles the question since there are
obvious D-terms
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Duality invariant superspace volume

Classical extended supergravity is invariant under continuous duality group :
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We can define duality invariant superspace volume

Jd43\fe E(x,e) — aZ(N—4) fR4 4.

» For N = 8 this gives the candidate 7-loop counter-term in D = 4: 93R*

» For N = 4 this gives the candidate 3-loop counter-term in D = 4: R*
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Duality invariant superspace volume

Classical extended supergravity is invariant under continuous duality group :
E;7(R)/SU(8) for N =8 and SU(1,1,R)/U(1) for N =4

We can define duality invariant superspace volume

Jd“Ne E(x,0) =" gty ...

» For N = 8 this gives the candidate 7-loop counter-term in D = 4: 93R*

» For N = 4 this gives the candidate 3-loop counter-term in D = 4: R*

» Extending to N > 4 a flow equation by [xuzenko et a1.1 we showed the
vanishing of the duality invariant superspace volume

[Bossard, Howe, Stelle, Vanhove

Jd“xd“NeE(x,e) =0, 4<N<KS8 J
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Harmonic superspace

Jd“xd“NeE(x,e) —0, 4<N<S8 J

This does not imply the absence of divergence because using harmonic super-

space one can construct fully supersymmetric and duality invariant counter-

term

> We defined the 1/N harmonic measure (over 4(N — 1) 0s) du 1) for
U(l) x UN—=2) x U(1)\U(N)

Jd4xd4N6E(x, 0)D(x,0) = Jd4XdPL(N,1,1) (D)2 (Dy)?@ J
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1/N Harmonic superspace

With this measure of integration we constructed candidate N — 1-loop
counter-terms in D = 4 [Bossard, Howe, Stelle, Vanhove]

» The 03R* term for N = 8 (xlg(k are the mass dimension % spinor)

JdH(S,l,l) X" XgmnX P X8pq ~ Jd4xe (BR*+..) }

> Supersymmetric and E7(7) invariant because this is expressed in terms of
the dim % superfield x (%—torsion component)

» The R* term for N = 4

Jdu(4,1,1) X" Xama X " X4pq ~ Jd”'xe (R4 +--) J

» Supersymmetric and SU(1, 1) invariant expression
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The special case of N = 4 supergravity

N = 4 supergravity is special because of the U(1) R-symmetry anomalyJ

[Marcus].

superspace integrals of functions of the axion-dilaton 8 € SU(1,1)/U(1) are

Therefore the SU(1,1) duality symmetry is broken in perturbation and full
allowed J

dee E(x,0) G(S,8) =£(S,8) R* + susy completion

Only for f = 1 this is a 3-loop UV divergence counter-term in the 4 graviton
amplitude. J

But f = 1 would violate the R* 1-loop non renormalisation theorems derived
from string theory
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The special case of N = 4 supergravity

N = 4 supergravity is special because of the U(1) R-symmetry anomaly

[Marcus].
v

Therefore the SU(1,1) duality symmetry is broken in perturbation and full
superspace integrals of functions of the axion-dilaton 8 € SU(1,1)/U(1) are
allowed

v

Because of the anomaly canceling term Dfiefd“xh(S, S)tr(R — i % R)? it is
tempting to conclude that the R* will also have a non-trivial dependence on
the scalar field S

v

K4 J d*xf(S,8) R*

This would be compatible with the string theory non-renormalisation theoremsJ
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The ultraviolet behavior of N = 4 supergravity

> 4 graviton amplitude computations gives that [Tourkine, vanhove]

My ~ R[04 4=0
Mi*loop ~ az:R41double—bwc [34] : [33 =1

» 1-loop non-renormalisation of R*: B > 1 for L > 2

First UV divergence in 4D: >34 B> 7 = 4loops

N = 4 non-renormalisation theorems for R* term 37 = 1 for L > 2

[*JJE;D)] — mass (P28 52p4 forL > 2

» The same result was obtained from direct field theory computation
[Bern, Davies, Dennen, Huang] (see [Kallosh] for alternative arguments)
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>

Using string theory we have put constraints on the possible
counter-terms for UV divergences of four gravitons amplitudes in N = 4
and N = 8 supergravity

Using harmonic superspace we have constructed supersymmetric duality
invariant candidate counter-terms for first possible UV divergence in
D=4

We showed that the R* term satisfies a non-renormalisation theorem in
N=4
K4 J d*xf(S)R*

Where f(S) = tree + 1 — loop and no constant piece

Could it be as well that that the partial superspace 08R* in N' = 8 has an
enhanced protection delaying the UV divergences of N = 8 supergravity
beyond 7-loops 7 May be till 9 loops ?(Green, Russo, vanhove]
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