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PRELIMINARIES
WZW theory on ¥

1. G-complex simple Lie group

2. ¥, » Riemann surface of genus g with n marked points,

3. \A/M, ceey \A/#n integrable representations attached to the marked points.
o, eV, Vr, (¢1,...,d,) - correlators in WZW theory.



KZB eqauations

e Moving points:

V. (01,...,8,) =0, |V, =rd, + H,|,

ee Moduli of curves (g > 0)

V. (01,...,0,) =0, |V, =rd, + H,|

a=1,...,n,j=1,....3g -3, k=k+h"', h¥ -
dual Coxeter number.
Flatness:

[Vzav vZb] =0, [vij VTk] =0, [Vz;ﬂ ka] =0



APPLICATIONS
i. Classical and quantum integrable systems

’KZB equation‘ =20, ’Quantum Hitchin Systems‘

Ih—>0 l1h—=0

’Isomonodromy problem‘ LmatN ’Classical Hitchin Systems‘

Isomonodromy problem: Painleve type equations, Schlesinger
systems...

Hitchin Systems: Calogero-Moser systems, Toda system,
integrable Euler -Arnold tops...




ii. Classical dynamical r-matrix

V.. = kb, + H,,

H, - classical dynamical r-matrix related to the
Riemann surface >, and the group G.

[V..,V,] =0« Classical Dynamical

Yang — Baxter Equation



Example: |. KZ-equation
to -basis in g = Lie(G), o, = CP?

Z1,...,2, € CP! - marked points,
tL ... t7, t? operator of representation of complex simple algebra g
in V, C Vj;

F-conformal blocks in the G WZW theory -
F(z1,22,...,20) € Q5_4 V&

(50 + s S28)F =0

1. kK = 0 Quantum Gaudin system

2. h — 0 Classical Schlesinger system
(h — 0) ~ t? — 59, 57 € O, - coadjoint orbit.

ac ta @t . ) .
réc = E ——= — classical rational r—matrix
Z3 — Zp
c#a



[l. Bernard equation

2171 =3, = C/(Z b TZ), g= 81(2,((:)
V- spin [ representation of sl(2, C)

o(x + 1) = p(x + 7) = p(x) -Weierschtrass function.

(K0, — 1202 + I(1 + 1)p(2u))F = 0.

k — 0 - Elliptic Calogero-Moser system;

h— 0 (h?0%2 — —p?, {p,u} = 1) - Painleve 6 equation;
1+7

T 7




» If the center Z(G) of G is non-trivial then there
is ord (Z(G)) different KZB equations

ViF=0, j=1...0rd(Z(G))

» There is Hecke transformations (HT) of
conformal blocks

HF; = Fian

» HT is provided by monopoles in SUSY 4d
Yang-Mills theory.



KZB equations on for SL(2,C) on a torus X, ,

Z(SL(2,C)) =Zy ={s=(0,1)}

. Trivial case (s = 0) G =SL(2,C)

[I. Non-trivial case (s = 1)

G =SL(2,C)/(center)=PSL(2,C) = G4

w9, v1=0, [v§,v¥]=0
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KZB equations on for SL(2,C) on a torus X, ,
|. Trivial case s =0

VO =0, + 55+
c#a

(e, h, f)- Chevalley basis in sl(2)

8¢ = E1(za — z.)h® ® h°+ (IRF r — matrix)

+2e2“i(za_zc)¢(2u + 7,2, — zc>(ea ®fC+ 2R ec)

e?=1x...1%e®1...®1 (e on the a-th place)

o(u,2) = 24200 Ei(2) = 0, In6(2)



1 1
0) _»n_: 2 bd
v,([_)—271'l87-+§8u+§zf6 )
b,d
n =1 - Bernard equation.
foac = (E12(Za - Zc) - p(za - Zc))ha ® h°+
+2e27ri(22_zf)f<2u + 7,25 — zc)(ea ®FfC+f?® e)

f(z) = 0ugp(u, z)

[V‘(;O),Vgo)] =0(a,b=1,...,n) < CDYB eq.



KZB equations on for SL(2,C) on a torus X, ,

I.Non-trivial case s =1

vl =0, +> r*
c#a

1
(1) _ : - bd
Vi f27r137.++2 bgd e,

rec = e2mi(za—zc) ((j)(%,za — zc)af ® of + gb(% + %,za — zc)oé’ ® o5+
+¢(%, z,— zc>0§’ ® 03C> (Belavin — Drinfeld r — matrix)
fe = a2 (5,20~ 2 )of @ of + £(5 + 3,2 — 2 )03 @ o5+

+f(%,za = zc)a§' ® a§>

[V, v =0 (a,b=1,...,n) < CYB eq.



Center of Simple Lie groups

G = G - simply-connected complex simple Lie group,

G =G, = G/Z(G)

G Lie (G) | Z(G) G.g
SL(n,C) An_1 L SL(n,C)/Z,
Sp|n2n+1((C) B, Zo SO(QFI + 1)
Spn(C) C, Z Spn(C)/Z,

Spin4,,((C) Ds, Ly D Lo 50(41’1)/22
Spin4,,+2(C) D2n+]_ Ly SO(4I7 + 2)/Z2
£5(C) E | 7 E5(C)/Zs
E/(C) E | E/(C)/Z,




WZW theory on a torus
X(z+1) = AdoX(z), X(z+7) = AdnX(2),
X € Lie(G)

Oz + T)N2)Q(z) "N (z+1) =¢| (+) ¢ € 2(6)

T
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Moduli space M(G) = (solutions of (x)/(conjugation)
M(G) ={(Q,N)}, Q € H¢ - Cartan subgroup,

Q = exp 2%/’% pY is a half-sum of positive

coroots, h is the Coxeter number,

A = /\0627rlu’ e27rlu c HO C H, Ad/\oe2ﬂ'/u — e271'/u

u is an element of the moduli space M(G).
Mo is an element of the Weyl group defined by (:

¢ — AO(C)? u= u(g)



KZB connection for arbitrary G and ¢ € Z(G)

V(C) _ aza + é\ua + Z raC(u

c#a
1
V(C)_27Ti5¢+Au+—Zfbd ),
b,d
r(v, %Z Z lalpk(u,z)th® f_k-i‘z Z o8, 2)Hk o pk
k=0c€R k=0 ael
-1
Q=33
k=0 a€R

o f5(u, zy—z )5 a®t_k C—i-z Z i (u, z,—zc)Hk2@pkc
k=0 acl
tti=1.lottel.®1




Classical Systems and KZB L) = [(u,(,z,...),

L) € g -Lax operator in the classical
isomonodromy problem

0, +L© o, +1©
F=[0,+ 190, + 19 =0

LO) = (VO v

a T




3d theory

W=% xR, (z2,y),
Field content:
AZ(Zj E;Y)y:_oo = é(Cl) AZ(ZJ 27)/))/:00 — E(CQ)
Af(z7 z, .y)yz—oo = L) Az(Z, Z, )/)y:oo — [ (&)
8Y+A}’(Zﬂzv.y)7 ¢(272,y)€g

Bogomolny equation;

F =«D¢|, x —Hodge operator in W

Boundary conditions: F,3(z,Z,y)|y=+x = 0.



3d theory
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Bogomolny equation

azAE - aZAz + [A27 AE] = é (6y¢ + [A)/7 ¢])
ayAz - asz + [A27 Ay] - /(8z¢ + [A27 ¢])
ayAE - aZAy + [A27 Ay] = _i(a§¢ + [A§7 (b])

Boundary conditions: F,3|y—1 = 0.

A,|y=+o0 corresponds to Lax operators L.

L= 1) L. = (&)

Dirac monopole configuration near (0,0, 0):

2 -1
~————— |, exp(2my) =
z,y—0 (2P + y2)% p(2my) = ¢ G

(2,2, y)

v =(71,.--,7) € b - charges of | Dirac monopoles.



Hecke transformation =(z):

Li(z) = =(2)L(2)="'(2)
g=sl2,C)HT : (s=0) = (s =1), VO vl

(
— Oo(z — 2u;27)  Op(z + 2u; 27)
=(u,2) ~ ( 02(2 —2u;27) 02(z+2u;27') >
v = Adz(VO)

0(z7) = (-1 Xpen exp(27ri((k LR (k+ g)z), (j=0,1)
=(z) -twist - transformation of the IRF (dynamical) r-matrix to
the Vertex r-matrix.



